We consider a lattice gas model with an infinite pairwise nonconvex total interaction of the form
results, that quasi-one-dimensional surface states might be responsible for experimentally observed ordered phases at the (112) There has been a widespread interest in structures and phase transitions in metal submonolayers chemisorbed on metal surfaces (e.g., for a review see Refs. 1,2). In particular, many alkaline, alkaline-earth, and rare-earth elements adsorbed on (112) faces of tungsten and molybdenum form, for low coverages, ordered structures consisting of linear chains of adatoms. Recently, a lattice gas model has been proposed to account for these structures. 3 The results indicate that a formation of the linear chain submonolayer structures might be due to the competing (repulsive) dipole-dipole interaction and the long-range (oscillatory) indirect interaction between adsorbates. The indirect interaction was assumed to be mediated by the quasi-one-dimensional valence electronic states of the underlaying substrate and was closely related to the existence of nearly flattened segments of the Fermi surface of W or Mo. 2, 3 It has been demonstrated explicitly that the resulting structures are very sensitive to a competition between the dipole-dipole and indirect interactions.
3
It is the intention of this paper to understand the role of the interactions in determining the ordered structures. Since the general problem turns out to be quite complex, it is useful to focus on a simple model which contains the essential ingredients. We have considered an effective one-dimensional lattice gas model with the competing infinite range (convex) dipole-dipole and (nonconvex) indirect interactions and we study its ground-state phase diagrams. Our analysis is based on a novel numerical method to accelerate the convergence of Fourier series 4 in order to take into account the interactions of the infinite range. In
Sec. II we introduce a lattice gas model. The periodic ground states have been calculated numerically and the resulting phase diagrams are discussed in Sec. III. A possible role of surface states is considered in Sec. IV. The obtained results are summarized together with the concluding remarks in Sec. V.
II. THE MODEL
It is well known that the lattice gas models are quite useful in studying overlayer structures and their properties (e.g., Refs. 5,6). Here, we consider an effective one-dimensional lattice gas model with the following grand canonical ensemble Hamiltonian
where n i = 1 or 0 depending on whether the ith site of the one-dimensional lattice is occupied or not by an adatom; V (r) is an interaction between a pair of adatoms separated by distance r and µ is the chemical potential which controls the coverage of adatoms. The distance r is measured in units of a lattice constant.
We assume the pairwise total interaction V (r) in the form
The first term in Eq. (2) describes the effective dipole-dipole interaction in one dimension relevant to linear chain structures while the other one represents the indirect (oscillatory)
interaction (see also Refs. 2,3); J, A, and φ are the model parameters, whereas k F stands for the wavevector of electrons at the Fermi surface and a is a lattice constant of the lattice gas model.
In the following, we restrict ourselves to periodic configurations of n's, i.e., there is a period p (positive integer) such that n j+p = n j for any integer j. These are called p-periodic configurations of n's. Now, the energy per site of a given p-periodic configuration n 1 , . . . , n p can be written in the form
where
Let us note that the infinite range of the total interaction V (r) requires the exact summations in Eqs. (5) and (6) . This numerical problem will be discussed in the next section.
III. THE GROUND STATES
It is difficult to determine the ground states of the model Hamiltonian H rigorously because the total interparticle interaction V (r) is nonconvex and we assume it to have the infinite range. This assumption seems to be necessary for the indirect (oscillatory) interaction is truly long-ranged. For a class of infinite-range interactions which are convex, positive, etc., it has been possible to find, in a one-dimensional case, all the ground states for any rational 0 < q/p < 1, where q and p are integers with no common multipliers.
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The effects of nonconvexity on the ground states might be discussed, in principle, within a new general method of Griffiths and Chou. (5) and Eq. (6), for r = 1, . . . , p and p = 1, . . . , p max . Here, we note that the infinite series result from the infinite range of the interparticle total interaction V (r). It is not possible, to our knowledge, to calculate most of the sums of the corresponding infinite series analytically. Even a numerical calculation presents a problem due to a quite slow convergence of the series.
We have calculated numerically D p (r), Eq. (5), by using an analytic method of the convergence acceleration of the series. 14 It is interesting to observe that for the p-periodic configurations we obtain the same contribution to
The numerical calculations of C p (r), Eq. (6) and Eq. (7), are more difficult for one can check explicitly that the standard methods to accelerate the convergence of the series do not work 16 (especially for mod 2π x p close to 0 or 2π). To overcome this problem we have applied a novel method 4 which introduces the so-called initial transformation and is followed by the ǫ algorithm for the associated complex Fourier series.
The results are numerically exact (in double precision).
B. The ground-state phase diagrams
The ground-state configuration and the corresponding energy per site depend on the chemical potential, µ, and the model parameters, such as, J, A, φ, k F , a, and p max . In principle, calculations should be performed for p max going to infinity to allow for any periodic structure. In practice, we have carried out calculations for p max = 23 as a compromise between the computing time and more refined results. Our numerical tests show that to understand the role of the nonconvex interparticle total interaction V (r) in determining the ground states, no additional significant insight can be achieved by extending the numerical computations to higher values of p max .
The best way to discuss a competition between the effective dipole-dipole and indirect interactions (or, equivalently, the role of nonconvexity ) is to consider ground-state phase diagrams: the reduced chemical potential µ/J versus model parameters A/J, φ, k F . In the following calculations we shall assume a = 3.16
In constructing the phase diagrams we made use of the particle-hole symmetry, i.e., we present only the p-periodic ground states with θ ≤ 1/2 for µ < µ c = ∞ r=1 V (r). Moreover, it is sufficient to consider only k F ∈ (0, π/a] because E[n 1 , . . . , n p ], Eq. (3), is periodic with respect to k F (with a period of π/a) and it is invariant under the transformation: (k F , φ)
Most of the µ versus x phase diagrams (x = A/J, φ, k F ) turned out to have rather complex topology (up to 100 lines seperating distinct phases). In order to determine precisely the regions of stability of phases we find sequences of the ground states at x and x + ∆x, respectively. Usually, we assume ∆x to be 1/50 of the whole range of x. Then, if the seqences are different, we make use of the bisection method, otherwise we continue our scan in x.
Now, we shall discuss the results with a special emphasis on the role the indirect (nonconvex) interaction plays in determining the ground states. As the reference results we consider the ground states for A = 0 which form, on the (θ, µ) phase diagram, the complete devil's staircase with a rather involved fractal behavior.
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We use standard notation for the ground state, i.e., q/p, which means q occupied sites in a unit cell of p sites. At the same time θ = q/p and, in the present study, we are not interested in what are the actual structures of the ground states. As we shall see, the calculated phase diagrams turned out to be quite complex. Therefore, in order to make them more clear we do not attach q/p labels to small regions of the phase diagrams usually corresponding to the ground states with lager periodicities.
Dependence on φ
We start with the nonconvex indirect interaction only (J = 0). A typical chemical potential µ versus phase φ/π ground-state phase diagram is shown in Fig. 1(a) . The value k F = 0.82Å −1 was chosen in view of the subsequent discussion. The broken line depicts the particle-hole symmetry line µ c = ∞ r=1 V (r). Here, 0/1 and 1/1 denote the low-density (θ = 0) and high-density (θ = 1) disordered ground-states, respectively.
Our results demonstrate clearly that the ground-state phase diagram is very sensitive to p max for 0.5 < |φ/π| < 1. The part of the phase diagram is not "stable" against formation of the longer-periodic ground states for larger values of p max . This particular behavior might be attributed to the fact that the function C p (r), Eq. (6) and Eq. (7), has the smaller value the closer mod 2π x p is to 0 or 2π. Thus, for a fixed p max one can always find such p > p max for which the above condition is satisfied and this could be easily tested numerically. This is the reason for not discussing the part of phase diagrams.
The situation, however, is quite different for |φ/π| < 0.5. Figure 1(a) shows that apart from the 1/2 and 1/3 ordered ground states there is a coexistence of the low-density (θ = 0) and high-density (θ = 1) disordered ground states. It is due to an effective attraction of the nonconvex indirect interaction. Inclusion of the repulsive convex dipole-dipole interaction changes this part of the phase diagram and some of the typical results are presented in Fig.   1(b) . The dependence on φ is very important from a physical point of view because by changing its value one can induce distinct sequences of the ground states. It is worth to notice that relatively large parts of the phase diagram, Fig. 1(b) , are occupied by the ground states having low periodicities p, like 2, 3, 4, 5, or 6.
Dependence on A/J
The ground states depend on the strength of the nonconvex interaction A in a crucial way. This is demonstrated explicitly in Fig. 2(a) and Fig. 2(b) . It is easy to see that the devil's sequence of the ground states (A = 0) is destroyed even for a small value of A/J, leaving only a number of lower periodic phases. More precisely, for 0.1 < A/J < 1.5, the phase diagram is dominated by such phases. The numerical tests show that this topology is not affected by p max . We believe that this is a "physical" region which might account for the ground-state structures and/or phase transitions in linear chain structures, 1-3 at least. 
Dependence on k F
This dependence is important because of the underlying physics leading to the indirect interaction (virtual bulk and/or surface electronic states). 1,2 However, to get more insight into properties of the ground states one can consider k F as a parameter and some of the results obtained for such a case are shown in Fig. 4 and Fig. 5 .
Note that the upper scale, π/a − k F , is related to the lower one, k F , for φ = 0. And, as before, the broken line denotes a particle-hole symmetry line. The ground-state phase diagram for the nonconvex indirect interaction only is shown in Fig. 4 . Let us note that for k F → 0 one restores the devil's staircase because the interaction V (r) becomes convex.
Modifications to the phase diagram in Fig. 4 due to a competition between the interactions are presented in Fig. 5(a) and Fig. 5(b) . Again, the presented phase diagrams show relatively large, stable regions of the ground states with lower periodicities. It can be seen that the role of the phase, φ, is to "shift" the corresponding phase diagram as shown in Fig. 5(a) and 
IV. A POSSIBLE ROLE OF SURFACE STATES
The obtained results suggest that a given sequence of the ground states could be described by different k F wavevectors with appropriately chosen amplitudes A and phases φ. In general, the adsorption can substantially influence surface states by changing their band(s) structure and/or the surface Brillouin zone. Consequently, the form of the indirect interaction mediated by surface states 2 could be changed. In our case, however, we study the model relevant to the low coverage linear chain structures and it is plausible, therefore, that the influence on surface states can be neglected.
Our results seem to be consistent with the conjecture concerning surface states. For example, in order to explain a Sr/Mo(112) adsorption system at low coverages, one has to consider k F ≈ 0.82Å −1 and not the wavevector k F = 0.47Å −1 connected with the bulk electronic states. Also a Li/Mo(112) system could equally well be described by using Fig. 2(a) ].
V. DISCUSSION AND CONCLUSIONS
The paper analyses the ground states of a one-dimensional lattice gas model with the 
